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Abstract

Recent advances in the theory of supervised learning have focused on deriving risk certificates for neural networks. However, despite its
empirical success, contrastive representation learning has received limited theoretical attention. Existing works either result in vacuous
risk certificates (bounds based on Rademacher complexity or f-divergence) or they require impractical assumptions (independence of
augmented samples). In this paper, we improve upon previous work by deriving non-vacuous risk certificates for the SImCLR frame-
work, a widely used contrastive learning approach. Specifically, our contributions are threefold: (1) using a PAC-Bayesian approach,
we establish two new risk certificates for the SimCLR loss without making strong assumptions and show that our certificates are non-
vacuous and significantly tighter than previous ones, (2) we refine existing bounds on the downstream classification loss by incorporating
SimCLR-specific factors, including data augmentation and temperature scaling, and (3) we derive risk certificates for the contrastive
zero-one risk. We empirically support our results through experiments on MNIST and CIFAR-10.

Introduction

Contrastive representation learning has emerged as a powerful paradigm in self-supervised learning, enhancing data represen-
tations by bringing semantically similar pairs closer together in the representation space than randomly drawn negative samples
(Wu et al. 2018; He et al. 2020; Le-Khac, Healy, and Smeaton 2020). This technique gained widespread attention with the
introduction of the SimCLR framework, which proposed a simple formulation of contrastive learning (Chen et al. 2020). The
SimCLR framework employs a carefully designed contrastive loss to maximize the similarity between the representations of
augmented views of the same sample while minimizing the similarity between the representations of augmented views from
different samples (Sohn 2016; Chen et al. 2020). This approach significantly outperformed previous self-supervised and semi-
supervised learning methods on the ImageNet benchmark. Key components contributing to its success include: (1) composition
of multiple data augmentation operations, (2) a projection head, (3) normalized embeddings, and temperature scaling in the
contrastive loss, and (4) a large batch size, which determines the number of negative samples K (Chen et al. 2020). However,
despite its empirical success, a comprehensive understanding of SimCLR’s performance and a rigorous certification of its gen-
eralization abilities remain challenging (Bao, Nagano, and Nozawa 2022; Nozawa, Germain, and Guedj 2020).

Arora et al. introduced a theoretical framework for contrastive unsupervised representation learning and derived the first gen-
eralisation bounds via Rademacher complexity (Arora et al. 2019). This motivated further study of contrastive unsupervised
learning in a PAC-Bayesian setting, diverging from Rademacher complexities (Nozawa, Germain, and Guedj 2020). By ana-
lyzing the mean classifier, Arora et al. additionally provided the first generalization bound on downstream classification, later
improved by (Bao, Nagano, and Nozawa 2022; Wang et al. 2022). However, these advancements largely rely on a theoretical
framework assuming independent and identically distributed (i.i.d.) data: each sample is a tuple (z,z",z7,...,z, ) where x

and 27 come from the same distribution, while 2, ..., z; are k ii.d. samples presumably unrelated to = (Arora et al. 2019;
Nozawa, Germain, and Guedj 2020). In contrast, the SImCLR loss uses a batch B of size m as a sample, applies data augmen-
tation to generate m positive pairs (x, zT), treats the remaining augmented samples as negative, and averages the sub-losses
over all positive pairs. As a result, the individual loss terms of the SimCLR loss are non-i.i.d, as each term considers a positive
pair along with its negative samples. This practical setting has been shown to enhance performance and provide efficient com-
putation, yet a thorough theoretical analysis of this approach remains to be conducted. A key issue is that PAC-Bayes bounds
no longer apply in this non-i.i.d. setting. One approach is to compute the PAC-Bayes bound over a dataset of i.i.d. batches,
though this weakens the risk certificate by replacing the dataset size n with the typically smaller number of batches. Alterna-
tively, Nozawa, Germain, and Guedj suggest using f-divergence to address the non-i.i.d. setting, but their proposed bounds are
vacuous. In this paper, we show that current PAC-Bayes bounds can be improved by leveraging Hoeffding’s and McDiarmid’s
inequalities (Hoeffding 1994; McDiarmid et al. 1989). Moreover, most work relies on the conditional independence assumption
(Arora et al. 2019; Nozawa, Germain, and Guedj 2020; Bao, Nagano, and Nozawa 2022), which assumes that x and =T are
independent. However, this assumption does not hold in the SimCLR framework, where x and 2™ are augmented views of



the same sample. In contrast, Wang et al. propose a bound that does not rely on conditional independence (Wang et al. 2022).
Additionally, most existing work does not consider practical settings that are known to enhance performance in the SimCLR
framework, such as temperature scaling, projection head, and large batch sizes (Bao, Nagano, and Nozawa 2022; Wang et al.
2022). A comparative analysis of these works is summarized in Table 1.

Contrastive Loss || non-vacuous | non-i.i.d. | SimCLR
Arora et al. X X X
Nozawa et al. v v X
Th. 1 & 2 (ours) v v v

Downstream large K |data aug. | 7-scaling
Arora et al. X X X
Bao et al. v X X
Wang et al. v v X
Th. 3 (ours) v v v

Table 1: Comparative analysis of previous works. In this table, a checkmark (v') indicates that the method satisfies the specified
condition, and a cross (x) denotes that it does not. The table is divided into two parts: the first part compares generalization
bounds for contrastive learning, assessing whether they are non-vacuous, applicable in non-iid settings, and directly applicable
to the SImCLR loss. Although Nozawa et al. do not provide a SimCLR-specific bound, their f-divergence bound can be
extended to SimCLR, as detailed in Appendix A. The second part compares existing bounds on downstream classification loss,
focusing on their incorporation of a large number of negative samples (K), data augmentation, and temperature (7) scaling in
the contrastive loss.

This paper aims to develop practical risk certificates for contrastive learning applicable to the widely used SimCLR frame-
work. Using a PAC-Bayesian approach, we establish two new risk certificates for the SimCLR loss considering its non-i.i.d.
characteristics and build on recent advances in risk certificates for neural networks (Perez-Ortiz et al. 2021b,a). We show that
our certificates are non-vacuous and significantly tighter than previous ones (Nozawa, Germain, and Guedj 2020). Additionally,
we refine existing bounds on downstream classification loss (Wang et al. 2022; Bao, Nagano, and Nozawa 2022) by incor-
porating SimCLR-specific factors, including data augmentation and temperature scaling. Finally, we extend our analysis to
the contrastive zero-one risk and derive corresponding risk certificates. We evaluate our results by conducting experiments on
MNIST and CIFAR-10.

Preliminaries

In this section, we first explain the main components of the SimCLR framework, detailing notation and underlying assumptions.
Next, we introduce essential concepts from PAC-Bayes theory.

SimCLR Framework

Several works have proposed mathematical formulations for analyzing contrastive representation learning (Arora et al. 2019;
Wang and Isola 2020; HaoChen et al. 2021). Here, we present the mathematical formulations and assumptions specific to the
SimCLR framework (Chen et al. 2020).

Data. Let X denote the input space, such as X' C Rehannelxwidihxheight £, color images. We have access only to an unlabeled
training dataset. We use A(- | Z) to denote the distribution of augmented samples generated from a given sample & € X.
Let X represent a batch of m i.i.d. samples drawn from X’. For each data point T € X, we generate two augmented samples
T ~ A(- | Z). We refer to (x,21) as the positive pair for € X. We denote X~ as the set of negative samples for z
and consider two losses: (1) the SimCLR loss where the remaining 2(m — 1) augmented samples within the minibatch serve
as negative examples for z, and (2) the simplified SimCLR loss where we consider m — 1 augmented samples generated from
different anchor samples, ensuring the negative samples are i.i.d. We denote B as the batch of m i.i.d. positive pairs.

We define the data distribution S as the process that generates a positive pair (z, z") according to the following scheme:

1. Draw a sample T ~ D;
2. Draw two augmented samples z, 27 ~ A(- | T).

Representation function. SimCLR learns a representation function f : X — S%! that maps inputs to unit vectors in
d-dimensional space. For convenience, we consider the set of representation functions JF (i.e., neural networks) to be
parameterized by the weight space VW C RP, where p denotes the number of parameters of the neural network. Thus, each
representation function f € F is determined by its weight vector w € V. When incorporating a projection head, we denote



the backbone features as f(z) € R and the projection head output as f(z) € S*~!, where typically d > k. Post contrastive
training, the projection head is removed, and only the backbone features are used for downstream tasks.

Contrastive loss. Since the feature representatlons are normalized, we define the cosine similarity between two representations
u,v € S as mm(u v) := u'v. Let 7 € R, be a temperature parameter. For a sample Z € X, the contrastive loss

Ecom (z7, 2, X7) is defined as:
exp (f(w)TTf(N))

exp (7f(z)if(m+)) + 2 ex- OXP (7“@?(1/)) |

Remark: The contrastive loss used in SimCLR is slightly different and defined as:
gcont(x+a x, Xﬁ) + gcont (1’7 1'+» Xﬁ)
5 .

However, due to symmetry, we will use the contrastive loss ¢..,; Without any loss of generality.
For a batch size m, the SIimCLR population loss is defined as:

m
L(f) = BNSml Zﬁwnt T ) i)]
where £cont ((z;, zf

. ), X)) denotes the contrastive loss for the positive pair (z;, f) with respect to its set of negative samples
X, . We define the SimCLR empirical loss over the dataset S ~ S™ as follows:

1< _
- E Zlgcont((wiaxzr>7Xi )

Evaluation of representations. In SimCLR, representations are evaluated using a linear classifier to assess their quality. The
multi-class classifier g : X — R incorporates the learned representation f : X — R? (which remains frozen) and linear
parameters W € R4, defined by g(-) := W f(-), where d € N denotes the dimensionality of the representation. The linear
classifier is learned by minimizing the supervised loss (i.e., cross-entropy loss) of the multi-class classifier g expressed as:

_ _ exp (f(z) "wy)
LCE(f7 W) - E(Ty) log chzl exp (f(:L')Twl)

where W := [w; ---w¢] T, D denotes the data distribution, « represents the input sample, and ¥ is its corresponding label from
the set {1,...,C}. The top1 accuracy of the linear classifier can be evaluated using topl = 1 — R (f, W), where

—log

lsimcLr =

Riopt (f; W) = E(a,) [L{f(2) Ty <maxery, f@)Twe}] -

PAC-Bayes Theory

PAC-Bayes theory, initially developed for simple classifiers (Seeger 2002; Catoni 2007; Germain et al. 2009), has been
extended to neural network classifiers in recent years (Dziugaite and Roy 2017; Perez-Ortiz et al. 2021b), to contrastive
learning (Nozawa, Germain, and Guedj 2020), and variational autoencoders (Chérief-Abdellatif et al. 2022). Here, we present
the essential notions of PAC-Bayes theory and we outline the most common PAC-Bayes generalization bounds.

Notation. Let P denote a prior and ) a posterior over the weight space W. In PAC-Bayes theory, the distance between the
prior and posterior distributions is often quantified using the Kullback-Leibler (KL) divergence, defined as follows:

LQIQ) = [ 1o (53 ) de

For ¢,q" € [0, 1], we define the binary KL divergence as:

kl(qllg") = qlog (;) + (1 —q)log (11 _;1,) .

This measure quantifies the divergence of the Bernoulli distribution with parameter g from the Bernoulli distribution with
parameter ¢’. Let Z denote an example space, Dz the distribution over Z, and ¢,, : Z — [0, 1] a loss function parameterized
by w € W. Therisk L : W — [0, 1] is defined as:

Lw)= E [fy(2)]-

z~Dz



Here, L(w) represents the expected value of ¢,,(z) under the distribution Dz. Let n be an integer, and the empirical risk for a
dataset S = (z1,...,2,) € 2" is defined as:

R 1 n
Lg(w) = - Zﬁw(zi).
i=1
Here, L s(w) computes the average loss £,,(z;) over the dataset S.

PAC-Bayes bounds. We extend the previously defined losses for a given weight w to losses for a given distribution ) over
weights. Accordingly, the population loss of () is defined as:

L(Q) = /WL(w)Q(dw)-

Similarly, the empirical loss of ) over a dataset .S is given by:

~

Ls(Q) = /W Ls(w) Q(dw).

The PAC-Bayes bounds relate the population loss L(Q) to the empirical loss ES(Q) and other quantities through inequalities
that hold with high probability. One of the fundamental results in PAC-Bayes theory is the PAC-Bayes-kl inequality, originally
known as the PAC-Bayes relative entropy bound, from which various other PAC-Bayes bounds can be derived.

Theorem (PAC-Bayes-kl). For any data-free distribution P over W (i.e., prior), and for any § € (0, 1), with a probability of at
least 1 — § over size-n i.i.d. samples S, simultaneously for all distributions @ over W (i.e., posterior), the following inequality
holds:

KL (QIIP) + log (247)
_ |

K (Ls(QIIL@Q) <

The PAC-Bayes-kl bound can be employed to derive the classic PAC-Bayes bound using Pinsker’s inequality
kl(pllp) > 2(p - H)*.

PAC-Bayes classic bound. For any prior P over W, and any ¢ € (0, 1), with a probability of at least 1 — ¢ over size-n i.i.d.
random samples .S, simultaneously for all posterior distributions () over W, the following inequality holds:

KL (QIIP) + log (247)

L@ <Ls(@)+ 5

Risk Certificates for Contrastive Learning

In this section, we present our main contributions: (1) using a PAC-Bayesian approach, we establish non-vacuous risk cer-
tificates for the SimCLR loss, considering its non-i.i.d. characteristics, (2) we derive a bound on the supervised loss tailored
to SimCLR training, which incorporates data augmentation and temperature scaling, and (3) we extend our analysis to the
contrastive zero-one risk and derive risk certificates.

Risk Certificates for Contrastive Loss
This section presents our first result: two PAC-Bayesian risk certificates for the SimCLR loss.

Notation. The SimCLR population loss under distribution () is defined as:

L(Q) = /W L(fu) Q(duw)

where f,, : X — S?~! represents the representation function parametrized by weights w € W. Let n be an integer and S ~ S™.
Similarly, we define the SimCLR empirical loss of () for the dataset .S as

Ls(Q) = /W Ls(fu) Q(dw).

Here, L s(fw) represents the empirical risk associated with the representation function f,, evaluated on the dataset S.
Let m denote the batch size and B a scaling constant defined as

Bi= 2 +log ((K+ 1) exp (i) +g)



where K = | X | corresponds to the number of negative samples. Let L's(Q) denote the e-modified SimCLR empirical loss,

where £con is replaced by 2., defined as follows:

sim™ ()

—lo .
& sim* (z) + 3, ey sim'(z) + 2¢

Here, sim™(z) = exp (M) denotes the positive similarity term, and sim’(z) = exp (M) denotes the
2(m71)10g(%)

negative similarity term. We define the expression for ¢ corresponding to: (1) the SImCLR loss: € = ¢ =

(m—1) log(%)
2a

and (2)

1
-

the simplified SimCLR loss: € = ¢ where c = e — e 7.

We introduce a novel PAC-Baye bound for the SimCLR population loss, extending the kl-PAC-Bayes bound through concen-
tration inequalities (Hoeffding 1994).

Theorem 1 (non-i.i.d. SimCLR KkI-PAC-Bayes bound). Let § € (0,1) be a confidence parameter. With probability at least
1 — ¢ over dataset S, for all Q:

a€e(0,1)

LLQ < int {h(L’s@xa» + (g)} ,

l1—a

where h(L5(Q),C,) = k! (E,Lfg(@)+(g) « ,Cn), with L5(Q) being the e-modified empirical loss and

KL(Q|| P)+log ()

C, = — ® / a complexity term.

Proof sketch. To address the non-i.i.d. characteristics of the SImCLR loss, we derive an intermediate loss satisfying the i.i.d.
assumption by applying a concentration bound on the negative samples. We then apply the kl-PAC-Bayes bound to this
intermediate loss and since the intermediate empirical loss is not directly computable, we derive an e-modified empirical loss
using a concentration bound. The detailed proof is provided in Appendix C.

Additionally, we can prove that the SimCLR loss satisfies the bounded difference assumption for ¢; = % where

C =4+ (m-1)log W This enables us to derive an additional PAC-Bayes bound using McDiarmid’s inequality
(McDiarmid et al. 1989).

Theorem 2 (non-i.i.d. McAllester’s PAC-Bayes bound). Let § € (0, 1) be a confidence parameter. With probability at least

1 — ¢ over dataset S, for all ():
1 1~ KL(Q || P) + log 22
Lu@ < Lis@ s \/ Qln e

c 2(n—1)
Proof. We adapt the proofs from McAllester’s PAC-Bayes bound by incorporating the bounded difference assumption
(McAllester 2003a,b). The detailed proof is provided in Appendix D.

Bound on the Downstream Classification Loss

Next, we establish a bound on the supervised loss for the downstream classification task.

Notation. We use the cross-entropy loss for normalized features f : X — S~ as follows:

() |
Sy exp (f(x) Twi)

We now establish a lower bound on the SimCLR loss, refining the bound from Bao et al. (Bao, Nagano, and Nozawa 2022).
This bound does not rely on the conditional independence assumption and is applicable across different temperature and batch
size parameters.

LCE(.f7 W) = ]E(z,y) - log

Theorem 3 (upper-bound on the linear classifier loss). For all f : X — S?~!, the following inequality holds:

, | B(f.0)
Wg%égdeCE(fa W) < mln{ Tﬂ(f?o’)+0&



w1th5(f7 ) =2+ L(f)+ A.

Here, 0 = E(,, (T) [l f(z) — pyl2] represents the intra-class feature deviation, while for K the number of negative samples,

A =log (£ cosh® (1)) denotes a constant. The term « is given by:
o = log(C) + min{0, log(cosh?(1)) — 7A}.

Remark 1. If we wish to eliminate the dependency on o, given that the features are normalized, we observe o < 2.

Remark 2. This theorem can be extended to include a simple projection head of the form (1, 0) by considering the contrastive
loss on the projected features L( f1) instead of L(f) and a modified version of the supervised loss Log(f, W):

exp (fu(@) Tl + fofa) Twi?)
cE | Tloe 2 T @
21:1 exp ( fi(z) w; T+ Ja(x) w;

where fo(x) € R?~* is defined such that f(z) = B% Eig]

Proof sketch. The first part of the theorem is derived by directly combining the techniques from Bao et al. (Bao, Nagano, and
Nozawa 2022) and Wang et al. (Wang et al. 2022) and the second part is obtained by refining the first part and eliminating the
temperature scaling in the log-sum-exp term. The detailed proof is provided in Appendix E.

Risk Certificate for Contrastive Zero-One Risk

In the previous sections, we demonstrated that non-vacuous risk certificates can be obtained for the SImCLR loss and that the
SimCLR loss acts as a surrogate loss for downstream classification. Similarly to Nozawa, Germain, and Guedj, we extend our
analysis to the contrastive zero-one risk defined as follows:

~ 1
r((z,2™), X ):W D L) fat)<f@)T @)
z'eX—

Remark. The SimCLR loss can be seen as a surrogate loss for the contrastive zero-one risk.

We denote R(f) as the population contrastive zero-one risk and ES( f) as its empirical counterpart. We extend Theorems 1
and 2 to the contrastive zero-one risk. First, we present Theorem 4 corresponding to the extension of Theorem 1:

Theorem 4 (non-i.i.d. zero-one klI-PAC-Bayes bound). Let § € (0, 1) be a confidence parameter. With probability at least
1 — ¢ over dataset S, for all Q:

1

RQ) < {h (Rs(@.6) +7+ (3) } ,

log (5)
2(m — 1)«

KL (QIP) + log ()

n

with

n

@

h (ES(Q),On) — ! (ES(Q) Fy+ (g) - ,cn>

Proof sketch. The proof uses the same approach as Theorem 1 and is provided in Appendix F.

Next, we present Theorem 5 corresponding to the extension of Theorem 2:

Theorem 5 (non-i.i.d. McAllester’s PAC-Bayes bound). Let § € (0, 1) be a confidence parameter. With probability at least
1 — § over dataset .S, for all Q:

KL(Q || P) +log2"
2(n—1)

R(Q) < Rs(Q) +2

Proof. The proof uses the same approach as Theorem 2 with C' = 2 and is provided in Appendix G.



Experiments

In this section, we describe the experimental setup and empirically demonstrate that our risk certificates improved upon
previous risk ones through experiments on the CIFAR-10 dataset. The code for our experiments is available in PyTorch (Paszke
et al. 2017). Experimental results on the MNIST dataset and additional experimental details are available in Appendix H.

Datasets and models. We use two popular benchmarks: (1) CIFAR-10, which consists of 50,000 training images and 10,000
test images (Krizhevsky and Hinton 2009), and (2) MNIST, which consists of 60,000 training images and 10,000 test images
(LeCun, Cortes, and Burges 2010), as provided in torchvision (Marcel and Rodriguez 2010). The images are preprocessed by
normalizing all pixels per channel based on the training data. Data augmentation includes random cropping, resizing (with
random flipping), and color distortions, as detailed in Appendix H (Chen et al. 2020). We employ a 7-layer convolutional neural
network (CNN) with max-pooling every two layers for CIFAR-10 experiments and a 3-layer CNN for MNIST experiments.
We use a 2-layer MLP projection head to project to a 128-dimensional latent space, with a feature dimensionality of 2048
for CIFAR-10 and 512 for MNIST. ReLU activations are used in each hidden layer. The mean parameters i of the prior
are initialized randomly from a truncated centered Gaussian distribution with a standard deviation of 1/ /Min, Where njj is
the dimension of the inputs to a particular layer, truncating at +2 standard deviations (Perez-Ortiz et al. 2021a). The prior
distribution scale hyperparameter (standard deviation o) is selected from {0.01,0.05,0.1}.

PAC-Bayes Learning. The learning and certification strategy involves three steps: (1) choose or learn a prior from a subset
of the dataset; (2) learn a posterior on the entire training dataset; (3) evaluate the risk certificate for the posterior on a subset
of the dataset independent of the prior. We experiment with two types of priors: informed and random. The informed prior
is learned using a subset of the training dataset via empirical risk minimization or PAC-Bayes objective minimization. The
posterior is initialized to the prior and learned using the entire training dataset by PAC-Bayes objective minimization. We use
the PAC-Bayes with Backprop (PBB) procedure (Perez-Ortiz et al. 2021b) and the following f.ssic Objective :

1

fclassic (Q) = EES(Q) +

KL (QI[P) +log ()
2n

where 7 in [0, 1] is coefficient introduced to control the influence of the KL term in the training objective, referred to as the
KL penalty. We use a KL penalty term of 10~ for learning prior and no penalty term for learning the posterior. We use SGD
with momentum as optimizer and we perform a grid search for momentum values in {0.8,0.85,0.90,0.95} and learning
rates in {0.1,0.5, 1.0, 1.5}. Training was conducted for 100 epochs and we select the hyperparameters that give the best risk
certificates. We experiment with different temperatures selected {0.2,0.5,0.7,1}. Unless otherwise specified, experiments are
run using a probabilistic prior with the simplified SimCLR loss, a batch size of m = 250, and 80% of the data for training the
prior.

Numerical Risk Certificates. Since ES(Q) is intractable, the final risk certificates are computed using Monte Carlo weight
sampling. Specifically, we approximate ZS(Q) using ép = Z§:1 ow,, where Wy,..., W, ~ Q are ii.d. samples. We
compute all risk certificates with 6 = 0.04, and p = 100 Monte Carlo model samples. We report the risk certificates for both
the contrastive loss and the contrastive zero-one risk using Theorems 1 and 2 for the contrastive loss, and Theorems 4 and 5 for
the zero-one risk. To find the best value of « for Theorems 1 and 4, we perform a grid search over {0.1,0.2,0.3,0.4,0.5}. We
observe that o = 0.4 provides the tightest risk certificates. These risk certificates are compared with existing ones, including
the kI-PAC-Bayes bound over i.i.d. batches, Catoni’s PAC-Bayes bound over i.i.d. batches ((Nozawa, Germain, and Gued;
2020)), the classic PAC-Bayes bound over i.i.d. batches, and the f-divergence PAC-Bayes bound. For additional details, see
Appendix A and Appendix B.

Linear Evaluation. We assess the quality of the learned representations through linear evaluation (Chen et al. 2020): we
report the cross-entropy loss and top-1 accuracy of linear classifiers trained on features either before or after the projection
head. The classifiers are trained for 20 epochs on the standard image classification task (C' = 10) using the Adam opti-
mizer with a learning rate of 0.01. Finally, we report the bounds on the downstream classification loss (cross-entropy loss
of a trained linear classifier), derived from Theorem 3 and compare it with the existing bound (Bao, Nagano, and Nozawa 2022).

Results. Table 2 demonstrates that our proposed risk certificates for the SimCLR loss are non-vacuous and significantly out-
perform existing certificates on CIFAR-10, closely aligning with the corresponding test losses. Interestingly, Theorem 1 yields
tighter certificates for 7 < 0.5, while Theorem 2 is more effective for 7 > 0.5. We also observe that Catoni’s bound is signif-
icantly tighter than the kl-PAC-Bayes bound, which is consistent with its known advantage when KL /n is large (Zhou et al.
2018). Unsurprisingly, the classic PAC-Bayes bound is looser than both of these bounds. Additionally, Table 3 shows that The-
orem 3 improves upon the bound from Bao et al. which results in exponential growth when 7 < 0.5 (Bao, Nagano, and Nozawa
2022). Moreover, models trained using PAC-Bayes by Backprop achieve competitive topl accuracy. Table 4 further illustrates



SimCLR Loss

7T=17=077=057=0.2
Test Loss 4945 4.640 4.257 2.7076

k1l bound (iid) 7.164 7.674 8246 9.954
Catoni’s bound (iid) 7.095 7.556 7.959 9.446
Classic bound (iid) 8.475 8.698 891 10.166
Nozawa et al. 27.03 30.138 33.27 48.472
Th. 1 (ours) 5.537 5491 5492 6.223
Th. 2 (ours) 5.203 5.328 6.269 43.779

KL /n 0.0013 0.0014 0.0014 0.0013

Risk Certificate

Table 2: Comparison of risk certificates for the SimCLR loss using different PAC-Bayes bounds for varying temperature values
on CIFAR-10. kI bound (iid) refers to the standard kl-PAC-Bayes bound computed over i.i.d. batches, Catoni’s bound (iid)
refers to Catoni’s PAC-Bayes bound computed over i.i.d. batches (Nozawa, Germain, and Guedj 2020), Classic bound (iid)
refers to the classic PAC-Bayes bound computed over i.i.d. batches, and Nozawa et al. refers to the PAC-Bayes bound based
on f-divergence. Although Nozawa et al.’s bound uses x? divergence, we use KL divergence, which already results in vacuous
bounds and would not improve with x?2, since KL(P||Q) < x?(P||Q). Th. 1 and Th. 2 are the PAC-Bayes risk certificates
computed using our Theorem 1 and Theorem 2, respectively. We report test losses and observe that our bounds are remarkably
tight. We also report the complexity term, KL /n, where KL represents the Kullback-Leibler divergence between the prior and
posterior distributions, and n is the dataset size used to compute the risk certificate.

T=1 7=07 7=05 7=0.2
Baoetal. 3.2720 4.0274 5.3015 12.588
Th. 3 (ours) 3.2720 4.0274 49533 4.6079

= Sup.Loss 1903 1.837 1.7971 1.7547
& top-1 0.4868 0.5710 0.6205 0.6677

Sup.Loss  1.765  1.718 1.705 1.699
top-1 0.6350 0.6939 0.7102 0.7278

Table 3: Comparison of upper bounds on downstream classification loss on CIFAR-10. We compare the original bound from
Bao et al. with our refined bound (Theorem 3). The supervised loss of the linear classifier trained on the projected features is
reported, as it is directly related to the theoretical upper bound. Additionally, we report the supervised loss of the linear classifier
trained on the features after removing the projection head. We empirically observe that the supervised loss of a linear classifier
trained on the full features (without projection) is consistently lower than the loss of a linear classifier trained on the projected
features, aligning with previous findings (Chen et al. 2020). For reference, we also include top-1 accuracy.

that our risk certificates for contrastive zero-one risk are notably tight, surpassing existing certificates. Additionally, we observe
that theorem 5 consistently outperforms Theorem 4. Overall, our risk certificates are competitive, even for low temperatures—a
known challenge. In PAC-Bayes learning, we observe that a randomly initialized prior leads to poor convergence and sub-
optimal risk certificates, while an informed prior results in better performance and tighter certificates. A probabilistic prior
seems to provide tighter certificates than a deterministic one. However, PAC-Bayes learning in models with a large number of
parameters remains challenging and warrants further investigation (most studies focus on 2 or 3 hidden layers, while our largest
model has 7).

Discussion and Future Work

In summary, we have presented novel PAC-Bayesian risk certificates tailored for the SimCLR framework, addressing inherent
challenges such as non-i.i.d. characteristics of the SimCLR loss and the integration of data augmentation and temperature
scaling. Our experiments on CIFAR-10 and MNIST show that our bounds yield non-vacuous risk certificates and significantly
outperform previous ones across various temperature settings.

Bounding techniques. Theorems 1 and 4 rely on concentration bounds to apply the kl-PAC-Bayes bound in an i.i.d. setting.
Although the kl-PAC-Bayes bound was selected for its tightness, any bound that respects our proof’s assumptions could be
applicable. For instance, Catoni’s bound, which is often tighter when KL /n is large, could be applied since the function
1 — exp(—x) is non-decreasing, similar to the k1 function when fixing the second argument. An overview of Theorems 1 and
4 using Catoni’s bound is provided in Appendix J. Moreover, theorems 2 and 5 were obtained using McDiarmid’s inequality,



Contrastive 0-1 Risk

7T=17=077=057=0.2
Test Loss 0.0601 0.0433 0.0324 0.0199

k1l bound (iid) 0.497 0488 047 0.432
Catoni’s bound (iid) 0.469 0.466 0.435 0417
Classic bound (iid) 0.542 0.54 0.53 0.505
Nozawa et al. 3.009 3.099 3.139 2973
Th. 4 (ours) 0.367 0.353 0.342 0.329

Th. 5 (ours) 0.129 0.117 0.107 0.093

KL /n 0.0013 0.0014 0.0014 0.0013

Risk Certificate

Table 4: Comparison of risk certificates for the contrastive zero-one risk with various PAC-Bayes bounds and temperature
values on CIFAR-10. For additional details, see Table 1. Th. 4 and Th. 5 refer to the PAC-Bayes risk certificates derived from
Theorems 4 and 5, respectively. We report corresponding test losses and observe that our risk certificates are notably tight,
particularly those from Theorem 5 and seem promising for selecting the temperature parameter 7.

integrated into McAllester’s PAC-Bayes bound. Since this variant is known to be less tight than the kl bound or Catoni’s bound,
it would be interesting to explore whether McDiarmid’s inequality can be incorporated into these tighter bounds, potentially
improving Theorems 2 and 5.

Extension to other non-i.i.d. losses. While this paper primarily focuses on contrastive learning and specifically on the
SimCLR framework, the approaches we propose to address the non-i.i.d. characteristics of the SimCLR loss can be readily
applied to other loss presenting similar non-i.i.d. characteristics, such as ranking losses (Chen et al. 2009) and Barlow Twins
losses (Zbontar et al. 2021). On the one hand, our non-i.i.d. McAllester PAC-Bayes bound offers a clear and straightforward
formulation, requiring only a bounded difference assumption. On the other hand, our non-i.i.d. kl-PAC-Bayes bounds, while
more opaque, require only a Hoeffding’s assumption on the dependent terms.

Impact of temperature scaling. Temperature scaling in the SimCLR loss remains challenging as the scaling constant loosens
the PAC-Bayes bounds, suggesting the need for more adapted PAC-Bayes bounds for this type of loss. Regarding the bound
on the downstream classification loss, our approach better handles smaller temperatures than previous bounds, though it still
struggles to perfectly align with downstream classification losses at low temperatures.

Projection head. Empirically, we observe that classification loss is lower when features are used without a projection head
compared to with one, yet the theoretical role of the projection head can not fully be understood with our downstream
classification bound. In this work, we proposed an approach to integrate a simple projection head into our bound, and it would
be interesting to link this with the work of Jing et al., which suggests that a fixed low-rank diagonal projector might suffice
instead of a trainable projection head (Jing et al. 2021).

PAC-Bayes learning. Additionally, our models trained with PAC-Bayes by Backprop achieve competitive accuracy despite
using a much smaller model (7-layer CNN vs. 50-layer CNN) and training for fewer epochs (100 vs. 500) compared to Chen
et al. (Chen et al. 2020). Although this paper focuses on deriving better risk certificates rather than improving the PAC-Bayes
learning algorithm, there is a need to extend the PAC-Bayes paradigm to large-scale neural networks, such as ResNet50.

Summary of PAC-Bayes Bounds for the SimCLR Loss

Previous PAC-Bayes Bounds
Below is the list of previous PAC-Bayes bounds applicable to the SimCLR loss, where n is the dataset size and m is the batch
size:

- Catoni’s PAC-Bayes Bound (over i.i.d. batches):

~ 1
1—exp (_BAZLS(Q) _ mKL(QH’P)-HogX)

n

1
—L < inf
By (@) = 220 1 —exp(—X)



- klI-PAC-Bayes Bound (over i.i.d. batches):

- KL(Q || P) + log 22
1L(Q)<1LS(Q)+\/m SAL Rk

- f-divergence Bound (Nozawa et al.’s bound):

A1@ < 2@+ "t @l )+

Proof for the f-divergence Bound. We adapt the PAC-Bayes f-divergence presented by Nozawa, Germain, and Guedj to the
SimCLR loss (Nozawa, Germain, and Guedj 2020). We have:

1@ < Ls(@ + 22 (@) P+ ).

~ 2
Where M2 == Ef’VPESNS"” (’L(f) — Ls(f)‘ )

M can be upper-bounded using the following covariance:

< B? ifi,j are in the same batch
=0  otherwise

Cov (¢ (z). uzm{

where £ (z;) = Leont((zi,7]), X;7). Indeed, we have (Alquier and Guedj 2018):

“|

which implies for the simplified SimCLR loss:

1< m—1
MQSEZ(m—l)Bl?: - B

3\»—‘

Z mm) = % > Covit(z),t(z)]

i=1 j=1

Our novel PAC-Bayes Bounds

Below is the list of our novel PAC-Bayes bounds applicable to the SimCLR loss:
- Theorem 1 (ours):

1—a Vvn 1
1 1 s\ & KL(Q||P) + log (T) S\ &
—L(Q)< inf {KkI™'| =L - -
5L(@Q) < of pLs(@)+ <2) : - + (2) ;

m— O, 2
where L's(Q) is the e-modified empirical loss with ¢ = ¢ % for the simplified SimCLR loss, and ¢ =
_ 2
w for SimCLR loss.

- Theorem 2 (ours):

SLQ) <

1~ KL(Q || P) + log 22



Summary of PAC-Bayes Bounds for the Contrastive Zero-One Risk

Below is the list of PAC-Bayes bounds applicable to the contrastive zero-one risk, where n is the dataset size and m is the batch
size. Since the kl-PAC-Bayes bound is tighter than both the classic and Catoni’s bounds, we present only the kl-PAC-Bayes
bound.

- kI-PAC-Bayes Bound (over i.i.d. batches):

B KL(Q || P) + log 2V
R(Q) < Nl Rs(Q),m (Q || P) +log Ve

n
- Catoni’s PAC-Bayes Bound (over i.i.d. batches):

. 1 —exp (—)\ES(Q) - miKL(Q”Z)HOg %)
<
RQ) = 220 1 —exp(—A)

- Classic PAC-Bayes Bound (over i.i.d. batches):

KL(Q || P) + log 75
2n

R(Q) < Rs(Q) + \/ m
- f-divergence PAC-Bayes Bound (Nozawa’s bound):

RIQ) < Rs(@) + /"L 0@ P+ 1

- Theorem 4 (ours):

R iy 5\ 5 KL(QIP) +log (+5') N

(@ = inf s(Q)+v+(2> ) - +7+<2) :
og( 2

with 7 = 1/ e

- Theorem 5 (ours):

R(Q) < Rs(Q) + 2\/ KL(Q;} : E)log 2

Proof of Theorem 1
In this section, we provide a detailed proof of Theorem 1.

Theorem 1. Let 6 € (0,1) be a confidence parameter. With probability at least 1 — § over dataset .S, for all Q:

Vn 1
| | 5\ KL@IP) +log () /5y
—L(Q) < inf {KI™'| L = =
Fr@ = it fa @+ (3) _ +(3)" 1
where Lg(Q) is the e-modified empirical loss with ¢ = ¢ % corresponding to the simplified Sim-
m—1) log( 2
CLR loss, ¢ = ¢ % corresponding to the SimCLR loss. The scaling constant B is defined as

B:=1+log((K+1)exp (%) +e¢) for K = |X | the number of negative samples.

Proof sketch. The SImCLR loss exhibits non-i.i.d. characteristics, violating the PAC-Bayes bounds assumption due to the
negative samples in each positive pair’s subloss. To address this, we derive an intermediate loss satisfying the i.i.d. assumption
by applying a concentration bound on the negative samples and show that the SimCLR loss can be upper-bounded by this
intermediate loss (lemmas 1 and 2). We then apply the PAC-Bayes bound to this intermediate loss (lemma 3). Since the
intermediate empirical loss is not directly computable, we derive an e-modified empirical loss using a concentration bound and
show that the intermediate empirical loss can be upper-bounded by the e-modified empirical loss with high probability over



the dataset S' (lemmas 4 and 5). Finally, we combine all results with a union bound (lemma 6) and take the infimum over « to
complete the proof.

To begin, we apply a Hoeffding’s inequality to the term involving the negative samples, specifically:
flz) T f(a")
Sm— = —_— .
m—1 (I) Z exp < =
r'eX—

The result is explicitly stated in the following lemma.

Lemma 1 (concentration bound on the negative samples). Let ¢ = er — e~ +. Forall §, € (0, 1),
P (Sm—1(z) —E[Sm-1(2)] > € | 2) <6,

m— og( L
withe = ¢ % corresponding to the simplified SImCLR loss and € = c\/ 2(m — 1) log ((%) for the SimCLR loss.

Next, using lemma 1, we upper-bound the SimCLR loss defined as

L(f) :=Eswsm

1 m 3
EZ;gcont((xiaxj)aXi )] .

by the following intermediate loss
L(f) = ]E(;c,w+)~5 [((Q’J, 1’+)} 3
where

i exp (f(x)TTf(m)

= —log .
exp (7f(w)w(z+)) +u(x) + ¢

T

Lemma 2 (upper-bound on the SimCLR population loss by an intermediate loss). For all f ~ @,
L(f) < L(f) + Bib..

Now, we extend the definition of the previously defined losses and obtain the intermediate population loss over @):
L(@Q) = Ejno |L(9)]
and the empirical counterpart:
Ls(Q) = Ejmo |Ls(f)]
We obtain: _
L(Q) < L(Q) + Byl

We will now derive a PAC-Bayes-kl bound for the intermediate population loss.

Lemma 3 (PAC-Bayes-kl bound for the intermediate loss). Given a prior P over F and d,, € (0, 1), with probability at least
1 — dpp over training i.i.d. samples S ~ S™, for all  over F, we have:

N N KL (Q||P) + log ( &2
L@ <u | hEs@ (3,

n

where B := 1 + log ((K + 1) exp (%) 4+ ¢) and K = |X | corresponds to the number of negative samples.

Next, given the property of kI~ as a monotonically increasing function of its first argument when fixing the second argument
(Perez-Ortiz et al. 2021b), we can upper bound the intermediate empirical loss Lg(Q) by a term similar to the SimCLR
empirical loss called the e-modified loss and denoted as L's (@) and where each individual loss term is defined as:

sim™ ()
sim®(z) + Sp_1(x) + 26

(2%, X7) = —log



Lemma 4 (upper-bound on the intermediate loss). Let o € (0, 1). With probability at least 1 — J& over dataset S:
Ls(Q) < B3 + Ls(Q)-

To prove lemma 4, we show the following useful lemma:
Lemma 5. Let o € (0, 1). If
Px- [Sm-1(z) — p(z) < —e | w, 2] <4,
then, with probability at least 1 — 6% over dataset .S,

n

1 — -«
- ;f@Q [(LS0s o resn@ny | 2 X7 ] <077

Finally, we combine the previous results with a union bound.

Lemma 6. Let « € (0, 1). Given a prior P over F, with probability at least 1 — § over dataset S, for all () over F:

1 (1, 5\ = KL(Q|P)+log (@) 5
EL(Q) <k ELS(Q) + (2> ; + (2>

Q=

)

n

where the € corresponding to the simplified SImCLR loss is defined as:

2
e (m—l)log(5)7
200

and for the SimCLR loss:

E =

C\/2(m —1)log (%)

Proof of lemma 1. Conditioned on x, we have a sum of bounded and independent variables for the simplified SimCLR loss:
each variable is lower-bounded by a = e+ and upper-bounded by b = er since

1 @) @)

1
< <-.
T T T

Thus, we define ¢ := e7 — e~ and use the Hoeffding inequality: for all ¢ > 0,

P(Sm—l(l‘) - E[Sm—l(x)] Z € | x) S P <_(TI’LQ—€1)C2> .

. 2 . .
For convenience, we set d. := exp (—(m{ﬁ) and derive an expression for ¢:

We derive a similar concentration bound for the SimCLR loss by grouping terms involving augmented views of the same sample

into one variable: . ) . -
. (f(m) I )) - (f(sc) i )) |
T T
Here, the constant ¢ becomes 2c, and ¢ is given by

memog (1)

Proof of lemma 2. Let f ~ Q. We define sim™ () := exp (M) and p(z) := E [Sy,—1(x)]. For an augmented sample

x, we can upper-bound £eont (7, 27), X ) by the following term:



sim " (z) sim™ ()
—1 I T T)+e -1 . I 1 (z 2)+el-
Og(sim+<x>+u<x>+e> Enmsptare) Og(sm+<x>+sm_1<x>> (Snor@zure)

Let By be defined as By := 2 + log(m) for the simplified SimCLR loss and By := 2 + log(2m — 1) for the SimCLR loss. We
can show that

écont((zv $+), Xﬁ) < BZ-
Using the previously established Hoeffding’s inequality,
P (Smoi1(2) > ple) + | ) < 4.,
and noting that [1s, | (z)<u(z)+<) < 1, we obtain
sim™ (
sim™ () + p(z) +

x)

Ceont ((z,27), X ™) < —log -t Belis,y@2u)+e)-

Plugging this into the SimCLR population loss, we have

1 & sim™ (x;)
L <Egusm | — —1 ~+ Byd,
(f) = Es~s lm 7,:21 °8 sim™ (z;) + p(z;) + ¢ ¢
exp (f(m)TTf<m+>)
<E@aty~s |~ log + Byde.

exp (7f(m)if(m+)) + p(x) + ¢
We denote / as the intermediate loss of a positive pair (z,x7):

exp

o (f(-r)TTf(m*))

)= —log

exp <7f(1)1f($+)) + p(z) + e

Consequently, we define the intermediate population loss:

L(f) = E@at)~s [Z(Iw’ﬁ)} ;

and the intermediate empirical loss for a dataset S ~ S™:
n n

All in all, we have shown that the SimCLR population loss can be upper-bounded by an intermediate loss that maintains the
i.i.d. assumption:

L(f) < L(f) + Bide.

Proof of lemma 3. By rescaling the intermediate loss function to the interval [0, 1], we can directly apply the PAC-Bayes-kl
bound.

Proof of lemma 4. Let o € (0,1). We apply the following Hoeffding’s inequality for an augmented sample x:
P (Spoi1(2) — ul() < —¢ | ) < 5.
For an augmented sample =, we can upper-bound 1 (x, ") by the following term:

o < sim™ () )H o < sim™ (z) >H
2 sim+(x)+u(m)—|—5 {Sm—1(z)+elp(z)} 2 sim+(x)—|—5m,1(x)+28 {Sm-1(z)+e>p(z)}-

Noting that Itg, | (z)4e>u(z)} < 1 and that {(x,zT) < B, we obtain

E(xvar) < H{qu(w)-i-ESu(w)}B + E’(gj,er?X*)



where ¢’ is the e-modified loss:
sim™ (z)

Oz, 2t X7) = —1 .
(@ ) o8 sim* () + Sm—1(z) + 2¢

Plugging this into the intermediate empirical loss, we have:

1 n
LS(Q - Z @ ]I{Sm 1(zi)+e<p(z;)} | xm ] + L/ (Q)

3

Using lemma 5, we have: with probability at least 1 — 6% over dataset .S:
Ls(Q) < BS} ™ + Ls(Q).
Proof of lemma 5. We define the event A(f, 2, X ) := {Sm—1(z) — p(z) < —e5}. Assume
Py- [A(f,:c,X_) | w,x] < 4.

‘We need to show that

1 n
SR , LX) > 6| < 6o
[n;f Tacrexoy Lo Xi] > ]_

Using Markov’s inequality, we derive:

o (£ S0 B, By |20X7) >8] < gbeBis [LS0L, B Miagraxop |20 7]
51— “‘nzz 1By X7 []Ef |:]I{A(fr X))} | @i, X ”
61— O‘nzl 1]Ef,w“X_ []I{A(f,;v“X )}

61 = n ZIL 1B [EX; |:H{A(f,;ci,X;)} | [, JCzH
6(11 “n Zz 1Efa [5]

|| || I/\

\/\I/\
(&9

Proof of lemma 6. Let o € (0, 1). Using lemma 2 and given that B, < B, we have:
L(Q) < L(Q) + Bb..
Next, using lemma 3, we obtain: with probability at least 1 — d,p, over training i.i.d. samples S ~ S™, for all () over F, we have:

1. KL(QIIP) +1log (32)

ELS(Q), n + 56'

SLQ <1

Using the union bound and lemma 4, we obtain: with probability at least 1 — dp, — 02 over dataset .S, for all () over F,

KL (Q||P) +log (%)

n

+ be.

1 —1 1 / 11—«
— < —
L@ K™ | 5Ls(Q) +6.7%,

Let § € (0,1) be a confidence parameter and a € (0, 1). Setting §¢ = § and &, = 3 finishes the proof.

Proof of Theorem 2
Proof of Bounded Difference Assumption
The SimCLR empirical loss over the dataset S of size n is defined as:

1< —
- Ezgwnt((xi?xj)?‘xi )
=1

Definition 1 (bounded difference assumption) Let A be some set and ¢ : A™ — R. We say ¢ satisfies the bounded difference
assumption if 3¢y, ...,¢, > 0st. Vi, 1 <7< n

sup |6 (21, @iy ey mn) — (w1, )| < e
L1y T, TG EA



That is, if we subsitute z; to 2}, while keeping other z; fixed, ¢ changes by at most c;.

First, we can prove that the SImCLR empirical loss satisfies the bounded difference assumption with ¢; = % Indeed, we can
prove the following lemma:

2
Lemma 1. We define Ls(f) = ¢ (z1,...,2i,...,2,) and C = £ 4+ (m — 1) log W, we have
C
sup | (21, s Ty ey Tp) — D (X1, )| < —
1,0y Zn,T,€X n

Remark. For m € [50,1000] and 7 = 1, C ranges from 9.89 to 10.36.

Proof. Let i be in [1, n]. We aim to bound the following quantity:
Ad(x;) =P (T1, e Ty oy Ty) — D (T1y o Ty )

Due to symmetry, we can assume that ¢ € [1,m], meaning we are studying a sample from the first batch. This quantity can be
decomposed into 2 non-null terms:

Ad(xi) = — [0i(x;) + 25J (i)
=1
=
where
5,(.%1) = Econt((xiv Ij), XZ'_) - écont(('r;v .CC?_), X»L_)
and _
§j(w;) == gcont((mjaxj)vXj_) - gcont((xj’x;_)vXj_)
with X ; being the set of negative samples perturbed with x. Using simt(z) = exp (M) and S,,—1(x) =

T ’
D wex- €Xp (M), we can rewrite the first term as

3 + / . + ) )
52(.%1) = log SlrIl—i_El'l) + log S1m (xl) + Smfl(xz)

sim™ (x;) sim™(z}) + Spm1(z})

We can show that §;(z;) < % due to the fact that Vz, 3,

1 - 1
< < .
— < F@) ) < -
We can rewrite the second term as
K +sim(z;, ;)

0j(x;) =1
(i) = log K + sim(z;, %)

Rl

1
>

where (m — 1)e”7 < K < (m — 1)e*. We can show that 6;(z;) < log ((m_ll))e__f e — Jog (m_2+e . Combining the
m—1l)e 7+4e 7

previous results, we obtain

Ad(z;) < S (4 +(m—1)log

n\TtT

(m—l)—f—ez).

(nL—l)-‘re%
m

Setting C' = 2 + (m — 1) log , we have proved that

s1Q

Proof of McAllester’s non-i.i.d. Bound
We can prove the following PAC-Bayesian bound tailored to the SimCLR loss.

Theorem 2. With probability at least 1 — § over an i.i.d. sample .5,

KL(Q || P) + log 27"
2(n—1) '

vQ, L(Q) < Ls(Q)+ C\/



Proof. We adapt the proofs from McAllester’s ”Simplified PAC-Bayesian Margin Bounds” and "PAC-Bayesian Stochastic
Model Selection” by incorporating the bounded difference assumption (McAllester 2003b,a). McAllester’s proofs rely on the
following two lemmas.

Lemma 1. If for x > 0,
2

P(X] > 2) < 2¢7,
then
E {e("fl)xﬂ < 2n.

Lemma 2. Let h be a non-negative and convex function. If for a fixed f ~ P,

E {e(nfl)h(Ls(f)*L(f))} <9
S~Sn -

then with probability at least 1 — § over i.i.d. dataset S:

KL(Q| P) + log 2
n—1 '

vQ, h(Ls(Q) - L(Q)) <

From McDiarmid’s inequality, for € > 0,

P(L() ~ Ls(N)] 2 9) < 2o (— 3 ).
we get for X = Lg(f) — L(f),

2
P (|X] > ¢) < 2exp (—2g§>

Rewriting this for x > 0,

Ps (fX| > as) < 2exp (—2$2) .

Using Lemma 1, we derive:
Eg [e(nfl)h(X)} < om,

where h : z +— 26%2 This implies with probability at least 1 — § over i.i.d. dataset .S:

KL(Q|P) + log 3*
n—1

vQ, h(Ls(Q) - L(Q)) <

)

which can be rewritten as

KL(Q||P) + log %
2(n—1)

vQ, L(Q) < Ls(Q)+ C\/

Proof of Lemma 1. The proof is from "PAC-Bayesian Stochastic Model Selection” (McAllester 2003b). Assume for x > 0,
P(X| > z) <2

Then the continuous density that maximizes £ [e("_1)|X ‘2} and satisfies the previous inequality is such that
o0 2
/ f‘X|(u)du =2e "
T

which gives f|x|(u) = dnue=""" . We derive

E {e(nflﬂX\Q} S/ €(n71)u2f‘x|(u)du,
0



which gives

E {e(”fl)‘xq < 2n/ 2ue™ du = 2n.
0

Proof of Lemma 2. The proof is from ”Simplified PAC-Bayesian Margin Bounds” (McAllester 2003a). Let h be a non-negative
and convex function and P be any prior distribution. Assume for a fixed f ~ P,

o {e(n—l)h(Ls(f)—L(f))} < on.
S~Sn -

This implies
Eg {EfNP [e(n—l)h(Ls(f)—L(f))H < on.
Applying Markov’s inequality, we obtain

2n

Py {EM [etn-vmEs -2 < 5} S1-5

Next, we use a shift of measure:
Ejnq (= D (Ls(f) = L()] < KL(QIIP) + Tog Epnp [~ D ESD =L

Combining the previous results, with probability at least 1 — ¢ over i.i.d. dataset S:
2n
Efnql(n = Dh(Ls(f) = L(f))] < KL(Q||P) + log —.

Since h is convex, applying Jensen’s inequality finishes the proof:
2n
(n = 1)h(Ls(Q) — L(Q)) < KL(Q[|P) + log —.

Proof of Theorem 3

In this section, we prove Theorem 3. We begin by demonstrating the first part of the theorem:

Bound A. Forall f : X — S*~1, the following inequality holds:

. o C 5 (1
min Lop(7,W) < T4 L(f) + log (K cosh ()) ,

T

where 0 = B, ) [||f (%) — py 2] represents the intra-class feature deviation.

Proof sketch. Bound A is derived by directly combining the techniques from Bao et al. (Bao, Nagano, and Nozawa 2022) and
Wang et al. (Wang et al. 2022)
Next, we establish the second part:

Bound B. For all f : X — S%1, the following inequality holds:

WIenRingLCE(f7 W) <o+ TL(f) + A27

where Ay = log(C) 4+ min {log(coshz(l)), 7log (£ cosh? ()}
Proof sketch. Bound B is obtained by refining Bound A and eliminating the temperature scaling in the log-sum-exp term,
leveraging the property that the log-sum-exp function acts as a smooth maximum.

Theorem 3: Bound A

Lower-bound on the contrastive population loss. Given that exp (f(z) " f(z ")) > 0 for any (z,2T), we can derive a lower-
bound on the contrastive loss:

" f ()T F (et i ) f(z!
Egoom Tlnz_;f()f()  Egsm ;;bg 3 exp(f(z)f()) < L(f).

T



Upper Bound on the Similarity of a Positive Pair. Firstly, it is evident that

tr'L Z
Eo o [ Z £( )
Using the Cauchy-Schwarz inequality, we can show for any 1,

T f($+)_/"y
17 @) —mll| =

= E(:IJ,:IJ+)N$

[ﬂxff(xﬂ] |

‘f(w)

which implies
(@) " (F) = )| < @) = [

Assuming y is the label of the positive pair (x, z), we have

E(patyns [F(@) T F@D)] =By ptys [F@) T (F@T) = my) + F(2) Ty ] -
Thus, we obtain:

)

|
| e

where o := E(, ) [|| f(x) — py|2] denotes the intra-class feature deviation.

Lower Bound on the Log-sum-exp Term. Our goal is to establish a lower bound on the log-sum-exp term. Let LSE(z) :=
T ’
In (ZJ exp (zj)) and z := {M} . Firstly, we observe that
r'eX—

T

z) T f(a! 1 &
S~$m Zlog Z exp <f()7_f()> 7%; JE. [LSE(z)].

z’eX;

Thus, our objective reduces to boundmg E  [LSE(z)]. This expectation can be expressed as:

S~8m

JE  [LSE(z)] = E,Ex - [LSE(z)] .

Following (Bao, Nagano, and Nozawa 2022), our objective is to establish a lower bound on
- [LSE(Z)] = E{m',y'} [LSE(Z)] )
where 1’ denotes the label of x’. We define .
zt = {f(x) .uy’}y,
Using Jensen’s inequality and the convexity of the LSE function, we derive
EgyyEioy [LSE(z) | 4] 2 Byyry [LSE (B [2 | y])]

and thus,
E{aj’,y,} [LSE(Z)] Z ]E{y/} [LSE(Z”)] .

Similar to (Bao, Nagano, and Nozawa 2022), we will employ the following lemma:

Lemma. For z € [-L% L?)V,
2log N < LSE(z) + LSE(—z) < 2log (N cosh(L?)) .

We recall the number of negative samples for the simplified SImCLR loss K := m—1 and for the SimCLR loss K := 2(m—1),
and we have
Efyy [LSE(z")] > —Ey,y [LSE(—2")] + 2log(K).

Applying Jensen’s inequality, we have

(v} [LSE(=2")] > — |log Y "B,/ [exp(—f () )]
{v'}



In addition, we have, for a fixed x,

Ey [exp(—f(z) T py)] = ) exp(—f(2) " pe)m(e),

ceC

where C represents the set of classes and for convenience, we assume 7(c¢) = %

Combining all the previous steps, we obtain

E¢, 3 [LSE(z)] > —log g Z exp(—f(z) " pe) + 2log(K),
ceC

which implies
Ep ) [LSE()] > ~ISE ({f(2) e}, ) + log(K) +log(C).
We can apply the lemma again and obtain:

1
E¢. 4y [LSE(z)] > LSE ({f(x)Tuc}cec) —2log(C cosh(;)) + log(K) + log(C).
All in all, we have proved that
Ex- [LSE(2)] > LSE ({£(2) pe} e ) — A,
where A := log (£ COShz(%)).
Final Expression. We recall the definition of the Cross-Entropy loss of a linear classifier:

exp (f(:c)Twy) 1 ’

Ler(f,W) =E(4y) | —log =&

21 exp (f () Tw;)

Combining the previous steps, we obtain

LDz =B 107 (5)] B 18 (fo (17 ()] ) -2

T

Rearranging the terms and noting that W# := [£ ... 22]T is a linear classifier completes the proof:

o
in Lor(f,W) <L S FA
wiin  Lee(f,W) < L(f)+ — +

Theorem 3: Bound B

To prove the second part of the theorem, we extend our approach from part 1 but focus on the complex dependency on
temperature in the log-sum-exp term using the following lemma:

Lemma: Let x € R" with x = (z1,...,z,). We have

maxz; < LSE(x) < maxz; + log(n)

and for any ¢ > 0,
t max z; < LSE(tx) < t max z; + log(n).

The LSE function acts as a smooth maximum—a smooth approximation to the maximum function. We can leverage this
lemma to establish lower bounds on the log-sum-exp term in two different ways.

First Approach. Given 7 > 0, it follows that
1 1
LSE(z/7) > —max z; > — (LSE(z) — log(K)) .
T i T
Following the proof of part one, we derive:

Ex- [LSE(z/7)] > % (LSE ({f(x)Tuc}Ce[C]) ~A- log(K)) .



Combining the previous steps, we obtain

TL(f) > —0— IE(w,c) [f(x)—rluc} + E(Lc) LSE ({eXp(f('r)T:uC)}ce[C]) A IOg(K)

which completes the proof:
Leg(f) S TL(f) + 0+ A

where A’ := log(C cosh?(1)) and the loss of the mean classifier is defined as

exp (f(CC)Tﬂy)
G .
D1 exp (f(@) T i)

Since the mean classifier is a linear classifier, we obtain a bound on the optimal linear classifier:

ngyédeCE(f» W) <7L(f)+o+A

Leg(f) = Eqy) |—log

Second Approach. Similarly to the proof of part one, we establish:
Ex- [LSE(2/7)] > LSE ({£(2) "pe/7} o)) — A

where A := log(% coshQ(%)).

Applying the lemma to LSE ({f(x)Tpc/T}cE[C])yields:

1
LSE ({£(2) e/} i) 2 = (LSE ({£(@) e} i) — 108(C))
Combining these steps, we derive:

log(C) — A
—

Ex- [LSE(e/7)] > - LSE ({#(2) e} eiey)

This results in a similar expression as in the first approach:

TL(f) > —0— ]E(w,c) [f(x>—rﬂ('] + IE(w,c) LSE ({exp(f(x)Tuc)}ce[C]) —TA - log(C’)

Thus, we conclude the proof:

. !/
Wé%fcmLCE(f’W) <TL(f)+o+ A

where A’ := 7log (£ coshQ(%)) + log(C).

Proof Theorem 4
We follow the steps of the proof of theorem 1 and adapt it to the zero-one contrastive risk.

Concentration bound on the negative samples. For convenience, we have|X | = m — 1. We define S,,_1(z) :=
Yowex— L f@)T fat)<f(z)T f(2r)} and similarly to the proof of Theorem 1, we apply Hoeffding’s inequality: for all ¢ > 0,

P (Smos(2) ~ ElSoa (@) 2 £ 2) S exp (-2 ) =,

where in this case ¢ = 1. Solving for ¢:

(m—1)log (é)

g = B

Upper Bound on the contrastive zero-one risk by an Intermediate Loss. Similarly, we can show

R(Q) < R(Q) +

3

7t e



where R(Q) represents the intermediate population risk where the inner loss was replaced by r((z,z7),X~) =
o [Ls)7 set)<s@ 7 sy | 2] -

PAC-Bayes-kl Bound on the Intermediate Loss. We can apply the PAC-Bayes-kl bound: given a prior P over F and 0y €
(0,1), with probability at least 1 — dy, over training i.i.d. samples S ~ 8", for all Q over F, we have:

_ s KLQIP) +log (3
RQ <¥" [ Rs(Q),

n

Upper-bound on the Intermediate Loss. We can show that the intermediate empirical risk can be upper-bounded by an
expression containg the contrastive zero-one empirical risk with probability at least 1 — 0 over dataset .S:

Rs(Q) <0}~ + Rs(Q) + ﬁ

Final Expression of the PAC-Bayes Bound on the contrastive zero-one risk. Using the union bound, we inject the previous
upper-bound into the PAC-Bayes bound to finish the proof: with probability at least 1 — d,p, — J¢° over dataset S,

KL (Q||P) +log (%) .
+ + 6.
n m—1

-1 5 € l—a
RQ) <K | Rs(@+ —— +d17,

g

< the bound can be rewritten as:

Let § € (0,1) be a confidence parameter and « € (0, 1). Setting 0% = £,6,5 =
with probability at least 1 — ¢ over dataset .S:

R 22 KL (Q||P) + log ( % x
R(Q) < kI RS(Q)+7+(2> 7 _ (%) +7+<6) -

o

nd v =

k)

1SS

log(
2(m—

(SN

)

Jat

with v =

—

Proof Theorem 5
We follow the steps of the proof of theorem 2 and adapt it to the zero-one contrastive risk.

Bounded difference assumption. We can show that the contrastive zero-one risk satisfies the bounded difference assumption
with ¢; = %, V4. Similarly, we can show this by bounding the following quantity

1 m
Ag(ai) = — | di(w:) + > 6i(x)
i=1
i
where
51(%) = r((mz,mf),X;) - r((wé,xﬁ),X{)
and

8j (i) o= r((zz, 27 ), X;7) = r((zj,2]), X})
with X ; being the set of negative samples perturbed with x.
Since §;(x;) < 1 and §;(z;) < —L, we observe that

m—1’

sup |Ad(xi)| <

. P
L1y Ty, €X

S

Proof of theorem 5. We can directly apply the previous result with C' = 2 and obtain: with probability at least 1 — § over an
i.i.d. sample .S,

KL(Q || P) + log 27”
2(n—1) '

¥Q, R(Q) < Rs(Q)+ 2\/



Additional Experimental Details
Data Pre-processing Details

For data augmentation, we apply random cropping (transforms.RandomResizedCrop), random horizontal flip
with probability 0.5 (transforms.RandomHorizontalFlip), color jittering with strength 0.5 and probability 0.8
(transforms.ColorJitter), and color dropping (transforms.RandomGrayscale), leaving out gaussian blur
(Chen et al. 2020; Marcel and Rodriguez 2010). We then normalize the augmented images per channel using the mean and
standard deviation of the training data. The code for data augmentation using Pytorch is as follows (Paszke et al. 2017) :

def create_simclr_data_augmentation (strength=0.5, name="mnist"):

mwwwnw

Create a data augmentation pipeline for SimCLR.

Args:
strength (float): Intensity of the augmentation.
name (str): Name of the dataset.

Returns:

transforms.Compose
mwww

if name == "mnist":
size = 28
mean = (0.1307,)
std_dev = (0.3081,)
if name == "cifarlO":
size = 32
mean = (0.4914, 0.4822, 0.4465)
std_dev = (0.2470, 0.2435, 0.26106)
scale = (0.08, 1.0)

color_jitter = transforms.ColorJitter (
brightness=0.8 * strength,
contrast=0.8 % strength,
saturation=0.8 *x strength,
hue=0.2 * strength,

)

common_transforms = [
transforms.RandomResizedCrop (size=size, scale=scale),
transforms.RandomHorizontalFlip (p=0.5),
transforms.RandomApply (transforms=[color_jitter], p=0.8),
transforms.RandomGrayscale (0.2),
transforms.ToTensor (),
transforms.Normalize (mean, std_dev)

]

return transforms.Compose (common_transforms)

Computing Infrastructure
The experiments are run using three different resource types:

e CPU + Nvidia Tesla P100 (16GB, No Tensor Cores)
e CPU + Nvidia Tesla V100 (16GB, Tensor Cores)
e CPU + Nvidia Ampere A100 (20G MIG, Ampere Tensor Cores)

We use a small memory (40GB) and the Nvidia NGC container image Pytorch 2.4.0.
Experiments on MNIST



SimCLR Loss

7T=1 7=07 7=05 7=0.2
Test Loss 49318 4.6575 43130 2.8574
kl bound (iid) 6.97 7.008 7.258 8.108
g Catoni’s bound (iid)  6.875 6.848 7.007 7.618
915) Classic bound (iid) 7.904 7.426 7.475 8.324
5 Nozawa et al. 23469 20448  22.275 35.05
@} Th. 1 (ours) 5.465 5.383 5.368 6.011
é Th. 2 (ours) 5.099 5.093 5.729 36.033
- KL /n 0.0009 0.0005  0.0005  0.0006

Table 5: Comparison of risk certificates for the SimCLR loss on the MNIST dataset.

Contrastive 0-1 Risk

T=1 7=07 7=05 7=02

Test Loss 0.0571 0.0529  0.0478  0.0357

kI bound (iid) 0408 0327 0324 0319

£ Catoni’sbound (iid) 0419 0333 0331  0.309
& Classic bound (iid) 0466 0396 0394  0.399
T Nozawaetal. 2535 195 2097  2.097
o Th. 4 (ours) 0356 0347 0343 0333
é Th. 5 (ours) 0.113  0.101  0.098  0.088

=

Table 6: Comparison of risk certificates for the contrastive zero-one risk on the MNIST dataset.

KL Divergence

The KL divergence between one-dimensional Gaussian distributions is given by:

1 <1Og(zi)+(u1—uo)2 b1_1>_

KL (Gauss (41, br) || Gauss (10, bo)) = 5 +
2 bo bo

For multi-dimensional Gaussian distributions with diagonal covariance matrices, the KL divergence is the sum of the KL

divergences of the independent components.

Extension of Theorem 1 and 4 to Catoni’s Bound

Theorem 1 using Catoni’s bound:
)  KL(Q|P)+log(})

1
a

1 —exp {—)\ (L/s]éQ) + (%)FTQ

1 n } )

—L < inf =

B (@) = ael%),l) 1 —exp(—X) + <2>
A>0

Theorem 4 using Catoni’s bound:

11— o 1
1—eXp{—A(Rs(Q)+W+(§) : )—KL(Q'P)“()} 5y E
R < inf 5
(@< inf T exp(—\) o <2> ’
A>0
2
with v = 22?5(761304'
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